Abstract. In this paper, we study the singular set of 3-dimensional Navier-Stokes equations. Under the condition
Introduction
Let Ω be a domain in R 3 with smooth boundary ∂Ω. On the space-time cylinder Ω × (0, ∞), we consider the incompressible Navier-Stokes equations in three dimensional space with unit viscosity,        ∂ t u − △u + u · ∇u + ∇p = 0, t > 0, divu = 0, u| ∂Ω (x, t) = 0, u(0, x) = u 0 (x).
(1.1)
The velocity field u = (u 1 , u 2 , u 3 ) : Ω × (0, ∞) → R 3 , and p(x, t) : Ω × (0, ∞) → R is the pressure. It is a long standing open question to determine if solutions with large smooth initial data of finite energy remain regular for all time.
In this paper, we consider the special class of solutions which are suitable weak solutions. The definition of suitable weak solutions is introduced in [2] as follows. Definition 1.1 let Ω be a open set in R 3 . We say that a pair u and p is a suitable weak solution to the Navier-Stokes equations on the set Ω × (−T 1 , T ) if it satisfies the conditions :
i,
(Ω × (−T 1 , T )); (1.2) ii, u and p satisfy the Navier-Stokes equations in the distribution sense; iii, u and p satisfy the local energy inequality (|u 2 (△ϕ + ∂ t ϕ) + u · ∇ϕ(|u| 2 + ∇2p))dxdt
for a.a. t ∈ (−T 1 , T ) and for all nonnegative functions ϕ ∈ C ∞ 0 (R 3 ).
There are lots of important papers that contribute to the regularity problem of suitable weak solutions to the Navier-Stokes equations and there are many good survey papers and books. Hence, we only list some of them. Scheffer [8, 9] introduced partial regularity for the NavierCStokes system. Caffarelli, Kohn and Nirenberg [2] further strengthened Scheffers results. Lin [7] gave a new short proof for the result of Caffarelli, Kohn and Nirenberg. Ladyzhenskaya and Seregin [10] investigated partial regularity. Choe and Lewis [3] studied singular set by using a generalized Hausdorff measure. Escauriaza, Seregin, andSverák [1] proved the critical case of the so-called Ladyzhenskaya-Prodi-Serrin condition based on the backward unique continuation theory for parabolic equations. Gustafson, Kang, and Tsai [4] generalize several previously known criteria. Here we state one of the main results of the theory of suitable weak solutions as follows. Lemma 1.2 (see [1] ) There exist absolute positive constants ε 0 and c 0k , k = 1, 2, ..., with the following property. Assume that a pair u and p is a suitable weak solution to the Navier-Stokes equations in Q and satisfies the condition
Then, for any natural numberk, ∇ k−1 u is Hölder continuous inQ(
) and the following bound is valid:
Theorem 1.3 (see [2] ) For any suitable weak solution of the Navier-Stokessystem on an open set in space-time, the associated singular set satisfies H 1 (S) = 0.
Remark 1.4 Let us mention, from a physical point of view, the result of Theorem 1.3 (Caffarelli,Kohn, and Nirenberg[1982] ) gave an answer about Jean Leray's conjecture concerning the appearance of singularities in 3-dim turbulent flow, that is , if there exists a singular set which is a fractal set, then the occurrence of smooth line vortices is not possible. Furthermore, this powerful mathematical result leaves room for a tremendously complex set of singularites, and we remain far from closing the issues raised by Leray's conjecture 1 .
To enable dealing with his conjecture, Leray suggested the concept of weak, nonclassical solutions to the Navier-Stokes equations(1.1), and this has become the starting point of the mathematical theory of the Navier-Stokes equations to this day. However, even today, J.Leray's conjecture concerning the appearance of singularities in 3-dimensional turbulence flows has been neither proved nor disproved. In this paper, we try to improve the results of Theorem 1.3 through the following theorem. 
where Cis a larger absolute constant, and (q, s) ∈ {(2, 5), (5, 2)}. Meanwhile,
Then the parabolic Hausdorff dimension of the associated singular set is at most
, for any m ∈ (4, 5).
The idea of our proof is from the scaling invariant of Navier-Stokes equations,using the blow-up procedure, we use the backward uniqueness results of parabolic equations. The article is organized as follows. Some auxiliary results are given in section 2, and we will give the proof of our main theorem in the last section.
A new ε− Regularity Criterion
In this section, first, we give some preliminary. Furthermore, using the backward uniqueness property of parabolic equations, we prove a new ε− regularity criterion of Naiver-Stokes equations. Theorem 2.1 (Backward uniqueness for Heat Operator) We consider a vectorvalued function u : (R n \B(R))×[0, T ] → R n , assume u satisfies the following conditions:
(a)
The proof of Theorem 2.1 comes from in [],so we omit the proof. Note the estimates in the following lemma is scaling invariance.
where Cis an absolute constant, and (q, s) ∈ {(2, 5), (5, 2)}. Then we have
proof: First by Hölder inequality and Sobolev embedding,
. we know that
0 ) as mentioned above.
And then we know divf = 0,
in any open set Ω ⊆ R 3 for a.e t ∈ (0, T ) . By the elliptic regularity theory ,
Lemma 2.3 Let u be a solution of (1), (2) 
proof: Since u(x, t) is analytic in x and t in Q .By assumption u(x, t 1 ) = 0, for x ∈ Ω 1 ,hence u(x, t 1 ) = 0 in Ω .So ω(x, t 1 ) = 0 in Ω. Since ω satisfies
We have ∂ t ω(x, t 1 ) = 0 and so * du t (x, t 1 ) = 0 .Since u t ∈ H 1 0 and divu t = 0 we deduce u t (x, t 1 ) = 0.Applying the same argument ,we have 
−5
Qr(x,t)
for r is small enough, then (x,t) is a regular point .
proof: Without loss of generality, we may assume that (x, t) = (0, 0), and that (u, p) is defined on a neighborhood Q1 2 ⊆ D of (0, 0). First, we note (u,p) satisfies conditions (1.4),(1.5) and is a suitable weak solution to the Navier-Stokes equations in D.
From Lemma 2.2, we obtain
with an absolute constant c 0 .
Assume that the statement of Proposition 2.4 is false , that is ,(0, 0) is a singular point.Then ,as it was shown in [2] ,there exists a sequence of positive numbers R k such that R k → 0 as k → ∞ and
for all k ∈ N. Here ǫ * is an absolute positive constant. We extend functions u and p to the whole space R 3+1 by zero. Extended functions will still be denoted by u and p, respectively. Now , we let u
for (q, s) ∈ {(2, 5), (5, 2)}.
To extract more information about boundedness of various norms of functions u R k and p R k , let us fix a cut-off function φ ∈ C ∞ 0 (R 3+1 ) and introduce the function φ R k in the following way
We choose R k so small to ensure
further,we have
Then,since the pair(u, p) is a suitable weak solution, we have
and after changing variable we arrived at the inequality
So, from (2.10),(2.11) and the last two inequalities, we deduce the bound
for any domain Q ⋐ R 3+1 with c 1 independent of R k . Then we apply known arguments and Lemma 2.2, we find
in L 3 (Q r ) for any 0 < r < ∞. Indeed, by (2.7),
(2.14) can be easily derived from the interpolation inequality
.
(2.15) Now,we combine all information about limit (v, q), conclude that:
where C is an absolute constant, and (q, s) ∈ {(2, 5), (5, 2)}. Meanwhile, v and q satisfy the Navier-Stokes equations a.e. in R 3+1 , that is,
It is easy to show that , according to (2.16)-(2.18),the pair (v,q) is a suitable weak solution to the Navier-Stokes equations in Ω × [a, b] for any bounded domain Ω ⋐ R 3 and for any −∞ < a < b < ∞. Moreover, according to (2.9)and (2.14),we find
Let us proceed the proof of Proposition 2.4. We are going to show there exist some positive numbers R 0 and T 0 such that , for any k = 0, 1, · · · , the function ∇ k v is Hölder continuous and bounded on the set
To this end , let us fix an arbitrary number 1 < T 0 < 2 and note that
This means that there exists a number R 0 (ε 0 , T 0 ) > 2 such that
).Then,
So,by(1.19),
), where 1 < T 0 < 2 and R 0 > 2. Then, it follows from (2.21) and Lemma 1.2, for any k = 0, 1, · · · ,
). Now,let us introduce the vorticity ω of v, i.e. ω = ∇ ∧ v. The function ω meets the equation
). Recalling (2.22), we see that, in the set (
), the function ω satisfies the following relations :
for some constant M > 0 and
Let us show that
By (2.7) and (2.14), we can show that
,z * )
for any z * ∈ R 3+1 . So (2.25) is proved. Relations (2.23)-(2.25) allow us to apply the backward uniqueness theorem , and conclude that
). If we show that
), then we are done. Indeed, if (2.28) is valid, the function v(·, t) is harmonic and has the finite L3 ). This contradicts with (2.19). Now our goal is to show that (2.27) implies (2.28). We know that (v, q) meets the equations :
]. From (2.29), we deduce the following bound max
). To prove (2.28), according to (2.27), we fix a smooth cut-off function ϕ ∈ C ∞ 0 (R 3 ) subjected to the conditions :ϕ(x) = 1 if x ∈ B(8R 0 ) and ϕ(x) = 0 if x ∈ R 3 \ B(12R 0 ) . Let w = ϕv, r = ϕq ,so (w, r) satisfies
)and
where g = (ϕ 2 − ϕ)v · ∇v + vv · ∇ϕ 2 + q∇ϕ − 2∇v∇ϕ − v△ϕ It is clear that w is not incompressible. So we introduce the functions ( w, r) satisfies :
). Setting U = w − w and P = r − r satisfies
in Q * , and
where G = −div w ⊗ w + g − ∂ t w. By (2.23), (2.16)-(2.18) and the elliptic regularity theory, it lead to the following facts about the smoothness of functions U and P :
Furthermore,we can obtain that (U, P ) is a suitable weak solution, so the associated space-time singular set S satisfies H 1 (S) = 0. So we can choose t 0 ∈ (−
Then by the short time unique solvability results for the Navier-Stokes equations ,we find a number δ 0 > 0 such that
then it is easy to check that , so it is valid that
Hence v(·, t) is analytic in the B(8R 0 ) for (t 0 + ε, t 0 + δ 0 − ε),and as mentioned above, ω = 0 for (B(8R 0 ) \ B(4R 0 )) × (t 0 + ε, t 0 + δ 0 − ε). By Lemma 2.3, we obtain ω = 0 in B(8R 0 ) × (t 0 + ε, t 0 + δ 0 − ε). Then proposition 2.4 is proved.
The Main Theorem
To complete the proof of Theorem 1.5, we give a covering lemma in the following. for r is small enough. Let V be a neighborhood of S inD. And let δ > 0, for each (x, t) ∈ S, we choose Q(x, t) * r with r < δ such that 
